Abstract-In a previous paper, an account had been given to the various aspects for the control of PWM-type switching dc-dc converters, and an LQR-based digital combined observer controller had been proposed. This paper reports the progress on further research in this topic. It is found that the design of the state estimator (observer) according to the previous paper will lead to a steady-state error in the output voltage in comparison with the reference value and there are difficulties in designing state estimators for converters with uncertain parameters. This paper presents an improved design so that the drawbacks mentioned above can be overcome. By applying the theory of statevariable feedback, a general approach for controlling PWM-type switching dc-dc converters with or without "unstable" zeros, and capable of achieving good regulation and rejection to modest disturbances, will be presented. An application example based on a published Cuk converter will also be given.
I. INTRODUCTION
T is generally known that switching dc-dc converters I are highly nonlinear plants with uncertain parameters, and subjected to inevitable and significant perturbations during operation. In a previous paper [ll, some aspects of control for PWM-type switching dc-dc converters had been reviewed. The problem was then considered from the linear quadratic regulator (LQR) point of view. Under such a view, assumptions were added to the operating conditions as preliminaries so that the converter could be regarded as a linear plant with a single operating point subjected to small-signal perturbations. In this way, the problem was reduced to the design of fixed-parameter robust controllers capable of satisfying some specified control objectives under these perturbations. Linear quadratic regulator and observer techniques 121, [31 were then applied so that the closed-loop systems could achieve good transient responses and satisfactory robustness against perturbations to the system parameters. Note, however, that when the parameters of the plant are uncertain, the inevitable differences between the plant and the model assumed by the state estimator will lead to degradation of the overall system performance comparing with the full-state feedback case. With the inclusion of the observer, the attractive robustness properties of full-state feedback will no longer be guaranteed [4] . A study on the Manuscript received July 28, 1991; revised October 2, 1992, and The authors are with the Department of Electronic Engineering, IEEE Log Number 9211423.
January 24, 1993. Hong Kong Polytechnic, Hung Hom, Kowloon, Hong Kong. influence of the observer to the characteristics of the closed-loop system had thus been carried out [5] . It was found that the previously proposed configuration of observer will lead to a nonzero steady-state error in the output of the converter. In this paper, an improved and general approach for designing state-estimators based on concerns over transient response, zero steady-state error, and robustness will be presented. The result is a general methodology for designing digital combined observer controllers for switching dc-dc converters satisfying some prescribed control objectives. Due to its inherent advantages of flexibility, ease in fine tuning the controller parameters, and simplicity of implementation, the control law proposed is implemented digitally. Special attention is paid to the situation when the discrete-time plant model has open-loop zeros outside the unit circle of the z-plane. The design consideration will be discussed in Section 11. In Section 111, the details about the proposed LQR-based combined observer-controller will be presented. In Section, IV, an application example based on a difficult plant of Cuk converter will be given to illustrate the feasibility of the ideas in this paper and the performance of the designed controller.
DESIGN CONSIDERATION
The major difficulties in controlling switching dc-dc converters are due mainly to the difficulties in modeling the converters, their highly nonlinear nature in general, and possible migrations of open-loop zeros of the linearized model across the stability boundary in particular. With regard to these difficulties, a controller is to be designed such that the following three basic objectives can be achieved:
Objective 1: stiff line and load regulations (dc reObjective 2: low output impedance and audio suscepObjective 3: robustness to uncertainties of plant pasponses). tibility (ac responses).
rameters.
The achievement of these three objectives are usually reflected by the fulfillment of a defined specification for the controlled system. Simple specifications for an application example will be given in Section IV.
In accordance with be achieved even when a sustained deviation from the standard value in line voltage (I.;) or load current (I,) is present. In Objectice 2, low output impedance (u,/ic,) and audio susceptibility (u,/u,) are equivalent to giving satisfactory transient responses when the perturbations to the system cause variations in load current (io) and line voltage ( U , ) , respectively. As will be further explained in Section 11-A, the model of the switching dc-dc converter is only a small signal one. The acquisition of such a model often involves many approximations. Even when the model is obtained by using some (if they exist) very accurate modeling techniques, it is only an accurate representation of the converter at one particular operating point. When the switching dc-dc converter is subjected to internal or external perturbations (e.g., line and load variations), the operating point will be shifted from the nominal position and the assumed model will no longer be a good representation. This accounts for the uncertainties in the assumed plant parameters. The controller so designed must be robust enough to these uncertainties as stated in Objectiile 3. Based on the above discussion, considerations should be directed to a general strategy for designing an optimal and robust digital controller for PWM-type switching dc-dc converters. Special attention should be delivered to the robustness of the controller to the uncertainties of plant parameters, and particularly to the possible migrations of the open-loop zeros of the plant models across the stability boundary.
A. Problem Definition
A switching dc-dc converter can be regarded as a multiple-input single-output (MISO) plant [6] . The output is the output voltage U, of the switching converter. The control input is the signal represented by the PWM duty ratio d, where d is defined as the ratio of the power switch ON time to the switching period. The converter parameters are affected by the input line voltage U! and output current io (output load R L ) , which in conjunction with other minor variations such as EM1 and stray effects, constitute the external disturbance inputs to the system. The steady-state values of d, U,, U , , and i , , symbolized by D , V,, I.;, and I,, respectively, constitute the operating point of the switching converter. For these quantities constituting the operating point, the relationships between the instantaneous values, steady-state (de) values, and the ac values are governed by the following four equations:
(
where the " -" sign is used to represent small ac variations about the steady-state operating point. Switching dc-dc converters were known to possess the following nonlinearities [l] :
1) topology changes due to, perhaps, high temperature
or components failure, 2) nonlinear characteristics of the electronic switches 3) nonlinear plant parameter variations due to external (fast dynamics), and disturbances (slow dynamics).
To cater to these nonlinearities, two approaches can be adopted.
1) Single Operating-point Approach (SOPA): Use an approximate linearized model to average out the effects of fast dynamics (nonlinearity 2)). This linearized model is usually accurate enough within the bandwidth of interest. However, owing to the nonlinearities 1) and 31, the following assumptions have to be made:
1) The regulated switching dc-dc converter has only one operating point, 2) the variations in line voltage and load current are infrequent and small enough to be tackled, and 3 ) other disturbances or the effects of topology changes are small and lie within the sensitivity tolerance of the controller (i.e., the controller is adequately robust).
2) Multiple Operating-point Approach (MOPA):
Design a high quality adaptive controller that is capable of adapting to significant nonlinearities, and catering to multi-operating point situations.
It can be seen that MOPA is more general than SOPA, but the design and implementation of such a controller requires a more advanced control theory which is not as mature as SOPA. Also, SOPA is found to be sufficient in many cases practically, and we limit the scope of this paper by considering SOPA only. Under SOPA, a linearized ac small-signal model has to be considered. The closed-loop system can be represented by the block diagram as shown in Fig. l . "Small-signal" is emphasized here, meaning that the highly nonlinear plant of switching dc-dc converter is modeled as a linear system working around its operating point. Perturbations to the system are assumed to be small signals such that the linearization can still be a valid approximation and will not affect the overall system stability. Perturbations to the system are modeled as the disturbance inputs GI and O2 at the input and output sides of the plant, respectively. A controller is to be designed so as to drive the output 5, to zero (i.e., 
B. Design Procedures
The proposed design procedure can be summarized by the flow diagram as shown in Fig. 2 . The first phase of circuit measurement shown is used to provide data for the second phase of system identification. Thus the switching dc-dc converter can be regarded as a black box, and only the _open-loop control-to-output response data (i.e., data of d and cl,), are necessary for modeling the plant. The input data to this identification scheme ought to have small amplitude because a large input amplitude, due to the nonlinearities of the converter, will give different coefficients of the model which is no longer a small-signal linearized model. The linearized model is realized as a discrete-time open-loop control-to-output transfer function. The system model is then augmented to suit the combined observer-controller design. The details of these phases will be elaborated in Section 111. Afterwards, its performance may be evaluated by first software simulation and then actual hardware implementation. Whenever necessary, further fine adjustments to the controller parameters are performed. The whole design procedure is a general procedure independent of the topologies of switching converters. With the sophisticated computing power available nowadays, it is possible to merge the first five phases shown in Fig. 2 into a stand-alone automatic CAD package [7] .
LQR-BASED COMBINED OBSERVER-CONTROLLER DESIGN
Based on the discussion in the previous sections, a robust digital LQR-based combined observer controller is proposed for PWM-type switching dc-dc converters. In this section, an account will be given to such a controller through discussions on three aspects: 1) the derivation of the optimal state-feedback control 2) the design of robust state estimator, and 3 ) the special case of plant models with possible migrations of open-loop zeros across the stability boundary.
law,
C. Optimal State Feedback
With reference to Fig. 1 , since the main interest is the regulation at the output node of the dc-dc converter, investigation on the system's response to the perturbation at the output node (&*I will provide a more direct measure on the performance of the controller than that at the input node (ij,). So, as far as the controller design is concerned, W 2 (but not 6 , ) will be included for consideration. The converter (plant) can thus be represented by the following linearized state-space model:
As far as a digital controller is concerned, the plant can be modelled by its discrete-time representation:
where 2, cl,, and ij2 are scalar quantities. The scalar parameter D accounts for the possible link between the input and the output (e.g., the parasitic effects caused by the energy storage components [8]). As mentioned in Section 11-A, the switching dc-dc converter is inevitably subjected to perturbations due to many reasons. In order to assure a full dc regulation (Go -j 0 as t + E ) even when the unknown perturbation is a sustained and slowly varying one (i.e., &,(k + 1) = ij2(k)), the inclusion of an "integrator" in the feedback path is needed. To implement the "integral feedback," the system has to be augmented to a new system as follows: Here it is assumed that the effects of all disturbance inputs will cause the output to deviate from the desired operating point, and the controller output is to bring the perturbed output of the converter back to its reference condition. Based on this system augmentation, an LQR approach was proposed [l] to derive an optimal statefeedback control law and is summarized in the Appendix.
B. Robust State Estimator
As discussed in Section I, for the sake of generality and the fact that not all states of the plant are easily measurable, a state estimator (observer) is used to estimate the states for feedback. The asymptotic state estimator can be represented by the following expression:
where f , denotes the observed state variables of the augmented system. With the presence of the state estimator, a complete control scheme is represented by the block diagram as shown in Fig. 3 . From (11) it can be seen that the design of the state estimator involves the determination of the vector L in accordance with the augmented system represented by rl, and C , . The values of the components of vector L play an important role in the overall performance of the combined observer controller. A good design of L should satisfy the following two conditions:
Condition 1: satisfactory transient dynamics of the controlled system when it is subjected to perturbations, and 0 Condition 2: robustness of the overall system to the uncertainties in the plant parameters.
In fact, these two conditions are related to the extent of achieving Objective 2 and Objective 3 discussed in Section 11. As far as the design of the state estimator is concerned, two issues have to be considered in order to satisfy the above two conditions. The first one is the choice of the assumed plant model, which will be further discussed in the next subsection. The second one is the derivation of the vector L which will be presented as follows.
Based on the arguments in [5], the vector L can be derived using an approach similar to the derivation of the feedback control law of the linear quadratic regulator (LQR) problem. Consider the completely controllable and observable discrete-time shift-invariant system given by (12) The optimal feedback control law u(k) = -Lrx(k) for this system with a quadratic performance index is known to give all roots of inside the unit circle of the z-plane [lo] . Also, the choice of the ratio IlQIl/lRI is associated with a tradeoff between the degree of satisfaction of Condition 1 and that of Condition 2. By properly choosing the positive scalar R, and the symmetric and nonnegative definite matrix Q , the vector L can be determined by using the theory of linear optimal control. The choices of Q and R will be illustrated in the application example in Section IV.
C. Possible Migrations of Zeros Across the Stability Bounda y
Attention has to be paid to the situation when perturbations to the system will cause the plant model's zeros to drift from inside to outside the unit-circle of the z-plane and vice versa. In this case, as far as the controller design is concerned. two factors have to be considered: 1) the model for designing the feedback gain vector K 2) the model for designing the observer gain vector L may be invalid, and may be invalid.
The control scheme has to be determined through comparing different combinations of the above two factors under the standard operating conditions and the worst-case conditions. A qualitative assessment can be summarized by Table I . In this table, IC and OC refer to the algorithms assuming that the system zeros are inside and outside the unit circle of the z-plane respectively (so OC in the second column corresponds to Algorithm A-2 stated in the Appendix). The control laws derived under these combinations were then examined in situations with migrations of open-loop zeros in order to achieve a general qualitative assessment of the controllers' performance. They are shown in the last column of Table I which can be explained as follows: 1) When the locations of zeros are actually outside the unit circle, both algorithms for determining K and L refer to invalid models in choice 1, and the closed- results are _the numerical control-to-output transfer func-IC = Algorithm assuming that the system zeros are inside the unit-tions (~~/ d ) for the at different operating points OC = Algorithm assuming that the system zeros arc outside the with the parametrical figures and the circuit components' values being unnecessary to be known. loop system performance becomes very poor; whereas in the other choices, at least one model is valid, resulting in a better performance. Experimental results indicate that among choices 2, 3, and 4, choice 3 gives a poorer response and stability margin. This shows that the invalidity of the model for observer gain design plays a major role for performance degradation. Both choices 2 and 4 give satisfactory results. In this case, the final choice may depend on which side (inside or outside the unit circle) the system zeros lie more frequently during the operation.
Simple quantitative analyses (measures of the relative stability margins) of the performances concerning the different combinations in Table I , with respect to an application example, will be given in Section IV.
IV. APPLICATION EXAMPLE
The example plant is a published k u k converter [ll] as shown in Fig. 4 under the standard operating point, viz.
= 25 V, D = 0.55, V, = -30 V, and R , = 30 R. This is a 4th order system with the interesting property that at the desired operating point, its z-domain linearized model has two complex zeros inside the unit circle, but when the operating condition alters, e.g., due to load changes, the zeros may shift to outside the unit circle. Such a shifting of open-loop zeros across the stability boundary and its relatively high order make it a difficult plant to be controlled by other common methods. An LQR-based digital combined observer controller is to be designed achieving the following closed-loop system specifications: In this paper, discrete-time ac small-signal models ( ztransfer functions) are obtained automatically by using
The sampling frequency was chosen to be 10 kHz, under the criterion that the sampling time is at least 10 times smaller than the largest time constant of the system. The control-to-output transfer function at standard operating point can then be transformed to the following discretetime state-space representation. Table I have to be considered. In order to determine the best combination of the assumed plant models, the stability of the system under the worstcase conditions, viz. the actual plant zeros are outside the unit circle (RL = 34 Cl), and the relative stability margins of the system under the standard operating conditions were examined and measured. The results are summarized in Table 11 . From Table 11 , it can be seen that when the zeros of the assumed plant model €or designing L are inside the unit circle ( R , = 30 R, choices 1 and 3), the system fails to remain stable under the worst-case conditions. When the zeros of the assumed plant models for designing L are outside the unit circle and those for designing K are on either side (choices 2 and 41, the system remains to be stable in the worst-case conditions and the relative stability margins are similar in both cases.
Since it is reasonable to assume that the converter is more often in the standard operating conditions, choice 2 of Table I1 is adopted in choosing the assumed plant models for the design of the LQR-based combined observer controller. Thus K was designed based on the model with RL = 30 Cl; and for L , the model with R,-= 34 R was used. I ) Design of the State-feedback Vector K: Based on Algorithm A-l in the Appendix, three dominant poles of the closed-loop system were chosen in such a way that two complex poles were close to the two complex zeros in the z-plane, and one dominant real pole was around 1000 Hz in the frequency domain. The performance index to be optimized in the design of the LQR-based controller is given by (22) and (231, in which Q is defined by (23). R and v should be chosen such that they are small compared with the elements of Q . However, if R and (T were too small, it would lead to a large K without significant improvement to the transient responses [2], [9] . Experimentally, satisfactory results were found when choosing R to be 0.01 and (T to be 0.1 in this example. The vector K is then given by: 7438, 2.2930, -2.3604, 0.8106, -1.82911. (19) 2) Design of the State-estimator Gain Vector L: When the state estimator was designed, the model assumed was that with a load of 34 0. With the proper system augmentation as discussed in Section 111-A, the method discussed in Section 111-B for designing the state estimator was applied. The quadratic performance index of (13) was specified, in which Q was chosen to be the identity matrix Z (of order 5) and a number of values of R was tried so as to compare the results in terms of the transient responses and the stability margins. After the necessary tradeoff between these two factors, a satisfactory result was obtained for R = 100 000, which gave the following vector L: 4.8925, 4.6085, 4.3454, 4.0997, 0.00261' (20) 
2
Re IH(e To investigate the robustness of the controller to the uncertainties of plant parameters, a Nyquist plot for the loop transfer function H ( e l W r ) ( T = 0.1 ms for a controller sampling frequency of 10 kHz) of the proposed combined observer controller and the standard plant model (< = 25 V, R , = 30 Cl) was obtained and shown in Fig. 5 . From Fig. 5 , the gain margin is about 9 dB and the phase margin is about 20". These results are better than those with controllers based on state-estimator design using direct eigenvalues assignment. Plots of the transie9t responses of the output voltages, when the controlled Cuk converter is subjected to a load change from 30 f l to 34 CL, and an input voltage change from 25 V to 29 V, are shown in Figs. 6(a) and (b), respectively. It can be seen that the change in load results in a relatively small perturbation to the system and the corresponding transient response is better, when compared with the change in input voltage from which a large variation in the output voltage is found. The response for the change in input voltage can be viewed as an illustra-tion of the robustness of the controller when the plant is subjected to relatively large perturbations (16% change in input voltage), which also means greater uncertainties in the plant parameters. Also, it can be seen from Fig. 6(a) that robustness can be retained even though there are possible migrations of system zeros across the stability boundary due to load variations. In all cases, the steadystate value of the output voltage is successfully clamped to the reference value of -30 V with f 0.5% tolerance for ripples, and all the specifications listed at the head of this section have been met. Noting, the difficulties in controlling a fourth order system of Cuk converter with possible migrations of plant model's zeros, the performance of the controller is found satisfactory. For a comparison, the performance of a standard PID controller for controlling the same plant was investigated. It was found that under some controller parameters, the PID controller might perform better than the proposed controller in terms of transient responses and relative stability margins. However, the derivations of these parameter values of the PID controller involve a tedious multi-dimensional search process under a trial-and-error basis. For a PID controller derived based on some standard means, e.g., the method by Ziegler and Nichols [12] , the performance is unacceptably poor.
V. CONCLUSION A general approach for controlling PWM-type switching dc-dc converters digitally using state-feedback techniques and linear optimal control theory has been reported. Upon investigating the methodology of designing the state estimator, a method derived from the general LQR problem is proposed which is found to offer better transient responses and robustness to uncertainties in plant parameters when compared with the typical eigenvalues assignment method. With the difficulties of control properly addressed, special attention has been directed to plant models with possible migrations of the open-loop zeros across the stability boundary during the operatton. Results of applying these techniques to a published Cuk converter have been reported as illustrations to different points of interest.
APPENDIX
To guarantee the regulator to have good closed-loop behavior and to be relatively insensitive to the uncertainties of plant parameters (which implies satisfactions of Objective 1 to Objective 3 of Section 111, the controller feedback gain vector K has to be determined optimally through minimizing an appropriate performance index. By linear optimal control theory, the closed-loop poles can be assigned such that the dominant poles are close to the desired locations and the remaining poles are nondominant near to the origin of the z-plane. Such an optimal controller provides a guaranteed reduction in sensitivity to plant parameter variations when compared with an equivalent open-loop system [21, [3] . ln this problem, a suitable quadratic performance index for the digital con- Step I : Form a polynomial m ( z ) such that it has the desired dominant poles pi as its roots. where n' is the number of dominant poles.
Step 2: Solve for the vector d and form the matrix Q according to:
dT(zZ -a)r = m(z)/det ( z I -a) (20)
Step 3: Check that [a, d ] is completely observable.
Step 4: Define the performance index:
where Q, = [ : : ]
Q is symmetric, nonnegative definite and of order n (order of the open-loop unaugmented system). R and u are positive scalars. R is chosen to be sufficiently small so that it gives a more significant weight to the state error weighing matrix Q. (T is chosen to be between the value of R and the largest eigenvalue of Q.
Step 5: Determine the optimal feedback gain vector K.
For a system with all zeros inside the unit circle in the z-plane, the quadratic performance index can be determined with dominant poles close to the zeros of the system. However, when the zeros are outside the unit circle in the z-plane (this is quite common for plants of dc-dc converters), the dominant poles cannot be chosen to be close to the "unstable" zeros. Our approach to cater to this situation is as follows:
Algorithm A-2:
For any "unstable" zero z, in the z-plane, choose the corresponding dominant pole to be located near the position z = l/zi. If necessary, modify the location of the dominant pole to sufficiently far from the stability boundary.
